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1999
MATHEMATICS
Paper 1
Time : 3 Hours ] [ Maximum Marks 0 300
INSTRUCTIONS

Each question 8 printed both in English and in Kennada.

Ansieers must be written in the medium specified
(English or, Kannada) in the Admission Ticket issued to
you, which must be stated clearly on the cover of the
answer book in the space provided for this purpose. INoO
credit will be given for the answers written in a mecium

other than that specified in the Admission Ticket.

Answer any five questions.

All questions carry equatl marks.
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1. ias Find the coordinates of the vectors
Vv, =1(1, 2, 1) and V,=1(1,0, — 1) |
relative to the basis Z; = (1, 1, 0), Z,=11,0, 1), Zy=1(1,1. 1),
'b:  Let T be the linear operator on C2 for which
T1,0,00=(1,0iy Tt0, 1,0 = (0, 1. 1» Ti0,0, Ly=1(i, 1.0
Show that T is not invertible.
1 1 2]
ier Given A=|3 1 1], use the fact that A satisfies its
2 3 2|
characteristic  equation to compuie :\2 and also since A i3
non-singular, compute A
9. a. Define Rank of a Matrix and find tne rank of
1 2 3 1]
1 4 2 0
?_2 6 5 3]
1 2"
'b. For the matrix A =1 2 > . find non-singular matrices
0 -1 -1

P and Q such that PAQ is in the normal form.

.¢;  Show that the characteristic wva'zes of a diagonal matrix are
precisely the elements in the dizgonal. Hence. show that 1f a
matrix B is similar to a diagonal matrix D, then the diagonal

clements of D are the characteristic values of B.

www.upscportal.com




12/1

S nmE
1, 00

(linear operator’ <Agd

{1,

oo
T (0, 0, 1)

-

(13 03 _]—)
£=39
(0, 1, 1;

(3}

2

3 V.,
3023 Jedeod: e
Ti(0, 1, 0)

c3

T(1.0,00=1(1,0, iy

et

d&, Vl = (1) 2: 1)

G

i

[t
LR
—~

g

=

-.) T

et

(2) Z; = (1,1,0,2=(1,0, 1), 2y =(1, 1, 1) &

(q

Downloaded from: http://www.upscportal.com
1.

UPSC | PORTAL

e
D
Y
n °
| no3 o
£ 5 548 g
w 130 2 : Qr D N
i 3 £ i) )t 13 -
L mw & 0} w M Ly ~—
a3 S &3 Jw K ¢
qw._.._. 18] o3 d.... M.C ©
15 Ao nrm b 1 q.)_,.._
o) ] + L :u - :
= 5 $ 5 8
TN I “n} - l 0 0
2 % &q it ") - s
t 1)
13 v N .- .
5 < m £ ) oo
£ 3 D o K, 0 5oy
¥ u ) i 4 2w 3
& 3 > @ 2§ .
' 1) : B9 - 9 =
30 r m n\mw . MWW,W ’ 8
g & 5 £ o i i am 3
0O 2 3 k2 = w @O - e
< . |ﬂ S
G - v A I B Q
> ¥ 72 8 - A &
s : 5 T SN 2
pA o3 3 N oM 1B B 3o 49 =
3 ] o R [ R b 13 aw ﬂw W _
: A B I =
O , b2 S
3 3 1 M RN T N 7oA
S A Lo ey
" = .d P S .
_mv P R R < H\MU B @ a\w
— — o) *
v £ 3 m N i m “ mw 8
ﬁu ﬁwd. P I ol i q\.:q /M
\w r— o e S A A ) < . by o s
13 «m m U o ~ w0 M“. m a_.nw W
g — Hmm. LS 1 » K B »
SRR PR 7 - g " g5 8
g, o S 3 T 5y 0
3 " ; ¢ 13 ¢ )
& n/_A z_\w Lo _.m 1oy ;ﬂw o W C]
S O
112, D PR £ I T~
~— L ——
;«._H.\ /Hh.w\ “_,...lm\ .9|f.
ol



UPSC|PORTAL

Downloaded from: http://www.upscportal.com

12/1 (4)

3. (a) If A is an orthogonal matrix, show that A’ and Al are also
orthogonal.

{b)  Determine the characteristic roots and the associated characteristic

vectors for the matrix

1 2 2
0 2 1
-1 2 2]
() Reduce the quadratic form 3x2 + Sy'? + 322 — 2yz + 2zx — 2xy to

the canomcal form. Also, spec1fy the matrix of transformation.

4. (a) Find the slope for the given parametric equatmns of a curve x = 2t
and y = — © at the point t = 4 |

(b} Trace the curve y = é x? — %2,

(¢c)  Show that the diameter of the right circular cylinder of greatest
curved surface which can be inscribed in a given cone is equal to
the radius of the cone.

3. (a) Find the volume cut from the paraboloid x2 + 4y2 = 2 by the
plane z = 1.

(b} Find the value of I” I%
K—
'.I'T/2
(¢} Evaluate J‘ sin®® § cos’3 B dé.
O -
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3. () A womd AmBedeod FIERTmeAgd, A wy AT amp As
ATBRELCODTNDLBE LoLBEY, BaedA.

() F9nz g=ulsw 237 SoRONYEy Py wTT Howeh3 D33, xOINYE
FoRBRD
1 2 2]
0 2 1
-1 2 2

{2) 3x2 + 5}-’2 + 3z2 — 2yz + 2zx — 2xy & EaTalaaiatioha{ovehe %m:aé:mzé&
.-(canonical form) a9 08; ZOTICF0 TRIITITY Q&E'a;mﬂ 292,

4. (2) t=4 Sy, x =2 Ry = 18 semd 2nmonhoss ZgUcelol TEE
AonT2e? IRETHIAYR Z R (slope} 03wy, Foma%&0R0.
0 b
(2) y= 25" —x? ane sgaiond somiBAND.
(2) wem dormg FoBdFY wvlidindmmed, wIRYS worh ed, oy
o Sy 2DoBdT wyRT, FoI 33, ,-J:m-ﬁmﬁciﬁd DOLBTY
3202

(@) ['Y aPozsy, scmsadoe.

(2) J‘ sin®3 6 cos?? 8 d6 w@y IPOTRTI =NA,

0
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6. (a: Find the equation of the circle inscribed in the triangle determined
by the lines 2y — 3y + 21 = 0, 3¢y — 2y — 6 =0 and
2 + 3y + 9 = (.
hy Show that the pair of straight lines joining the origin to the points
of intersection of the line Yy = m\ + ¢ and the circle x2 4 y? = a2
are at right angles. if 2¢2 = 42 (1 + m2),

= 1.

el If e and o are eccentricities of a hyperbola and its conjugate, show
.1
that -

i
RN
2= es

1

Find the equation to the sphere which passes through the points
il —3 4 (1, — 35, 2), (1, —3, 0y and whose centre lies on the
plane x + v + 7 = ¢
(b Find. the condition for the spheres

x= +‘3+29+‘7u*<+‘7vv+ 2wz +d = 0 and

N7 y2 g g2 + 20X + 2vy + Qw'y 4 =0
Lo cut each other orthogonally.

(et Find the equation  of the plane passing through the line

of intersection of the planes 3x 4 Y—32+7=0 and «x
— 2V + 4z — 3 = 0 and through the point (3, 2. —4). '
8. ia: Sglve
dv 3.6
i QN
. X7y

thy Solve
fl xvoy dy 4 (1 — ¥ixdy =0,

‘¢ The number N of bacteria in a culture sTew at a rate proportional
to N. The value of N was mitially 100 and Increased to 332 in one

heur. What would be the value of N after li hours ?

9. iar Solve -
(1 + x)2 éi}; + {1 + xJ gy +y=2sin (log (1 + ¥,
dx? dx
(b1 Solve -
¥+ 4T+ dv = gin Lo vi0r =2 vi0)=0.
¢l Solve - )

12 R '
(2x + 302 E—l, —{2x + 3) dy — 12y = 6x.
dx= dx
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10. (a) Show that the volume of the tetrahedron ABCD is é [Ag. AC, :{D].

Hence, find the volume of the tetrahedron formed by the
points (1, 1, 1), (2, 1, 3), (3, 2, 2) and (3, 3, 4.

tby  Verify Divergence Theorem for

— — —

F=ix>—y2)i +(y2—zx}j +(z2—xy) k

taken over the rectangular parallelopiped 0<x<a, 0<y <b,
0<z<e.

o
1

| = i1 (log Vg).

0 ox

[

{cy Prove that

11. iaj A rod AB of length a has its centre of gravity at G where
AG _m
BG n
string of length [ which 1s attached to the ends of the rod and

(> 1). The rod hangs from a smooth peg C by a light

m+n . .
|2, there is a position

/

s - the peg. Show that if [ > |
passes over the peg ow that 1 T —n

of equilibrium which is not vertical.

ibr A body of weight W is placed on a rough plane whose inclination
to the. horizontal is a. If o > A where A is the angle of friction,
find the least force which will prevent the body from sliding down

the plane.
(ci  The position of a particle moving in a straight line is given by
x = a cos nt + b sin nt. Prove that it executes simple harmonic

. .2 . 3 19
motion of period % and amplitude Va2 + b2,

12. ia} A particle is hanging from a fixed point by a light cord 3 feet long
and 1s started with an initial horizontal speed such that the cord
slackens when the particle 1s 5 feet above the lowest point, Find

upto how much height it will rise.
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(b} A‘hemispherica] bowl is filled with water and immersed and placed
v;lth its plane base in contact with a horizontal table. Show tha

the resultant vertical thrust on jts - ' | v

: ; s 'surface is one-thir 1€

thrust on the table. et of the

(¢) Let Wl and ‘W2 be the welghts of a body in vacuum and water

respgtiwrly. Prove that the weight of the bhody in air of specific
gravity s will be W) — 5 (W, — W, ‘ R
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1999
MATHEMATICS
Paper 2
Teme 3 Hours J { Maximum Marks : 300

INSTRUCTIONS

Each question is printed both in English and in Kannada.

Answers must be written in the medium specified
(English or Kannada) in the Admission Ticket issued to
you, which' must be stated clearly on the cover of the
answer book in the space provided for this purpose. No
credit will be given for the answers written in a medium

other than that specified in the Admission Ticket.

Answer any five questions choosing at least two from each

Section.

All questions carry equal marks.

[Turn over
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SECTION A

1. ta} Prove that a finite semi-group satisfying cancellation laws is a
group.
(b} Find an isomorphism between a finite group G and a permutation

group.

(¢ Show that a normal sub-group N of G is maximal if and only if

the quotient group G /N is simple.

2. (ar Prove that the characteristic of a finite field is prime.

thi) Show that for any two ideals A and B of a ring R, A U B is an
ideal of R if and only if either A € B or B c A

(el Show that in a Unique Factorisation Domain (UFD) every
irreducible element is prime,

3. la; Examine the continuity of the function

‘
|

1
(Xsin—-., x=0
o X
fix) = 1
(A, x=0, AeR
tbi Prove that in a Fuclidean space R, every Cauchy sequence is
convergent.
ey PFind the area of the positive quadrant bounded by the circle

5 5] . . .
X7+ y~ = 15 and the straight line v = x.
rnl

4. (a) Define the improper Integral J fix} dx, a>0 where f iz ga
a

= e

) ) 1
bounded function on the interval concerned. Show that j — dx

32
4

1s convergent,

www.upscportal.com
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(by If fe R [a, b] and if m £ f £ M, then prove that
b
(iy mib —al < J. f < M — al
a

it {f| « R [a, b]

tc) If ta, by is a point of the domain of definition of a function fix, vi
such that (1) f(a, b) exists, and (i} f)_l'.\:, ¥J) 18 continuous at (a, b.,
then, prove that fix, y} is differentiable at (a, b).

5. {a) If u.= sinx cosh y + 2 cosx sinh y + X2 — 2 o+ 4xy, then prove
that u satisfies the Laplace equation, and determine the

correspanding analytic function u + 1v.

tby  What 1s a Taylor series ? State the regions in which the Taylor

expansion of the following functions are valid :

f1t log(l — 2z}
i —r—1L
{2+ 2)(z+ 3)

(ey I fiz) is an analytic function, prove that

/ol oY
e d” ST ’
S __3.I lfiz) % = alfi(z)]

2

"
-
-

6. (a) Classify the points z = 0, 1 and < in relation to the function
. (2 —2Y | 1 .

(b)  Define residue. If a function flz' iz analvtic in the extended plane

except at a fimite number of singularities including z = ==, then

show that the sum of the reszidues of fiz: is zero.
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_ o2 . o
t¢c) Prove that J. ¥ 03T % ons (k2 gin 2o) dx = —OE Cos o
0

7. a1 Obtain the partial differential equation of a] spheres of radius c
having their centres on the xy-plane.

‘b1 Solve the equation

(y+z)p—{'z+x}q:x—-y

‘¢)  Find the complete integral of P4 + Xp + yq = 0, using Charpit’s
method.

8. ras Define a complete integral of a partial differential equation. Show
that z = 1 is the singular integral of z2(1 + p? + Q%) = 1.

Yz
b Solve - i—.———r-—z'-: s 5 2y
2 % dy CoS X cos 2y
02 Solve
y] ;
(1} p" - q2 =1
2
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SECTION B

9. (a) A block of mass m, can slide on another block of mass my, which
in turn slides on a horizontal surface as shown in the figure. Using

x; and x5, as coordinates, obtain Lagrange’s equations of motion.

S TS

b1 A circular eylinder of radius 3 e¢m and weight W whose centre of
gravity. G, is at a distance 1 em from the axis, rolls on a
horizontal plane. If motion be just started from the position of
unstable equilibrium. show that the normal reaction of the plane
Wi K2
{1+ K2
radins of gyration zbout an axis passing through G.

when G is in its lowest position is , where 2K is the

tc) i) Give an example for a system with 3 degrees of freedom.

{tt) Give an example for a system with 2 generalised coordinates.

10. {a)  Derive Lagrange's equations of motion for a non-holonomic system

in the form

;

d [JL] JL i _
dt dq,( ~ dq; '21 A8y =12 n
§ e, _]:

with usual notations.
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1242 (10

{b) Three equal uniform rods AB, BC and CD are smoothly joined at B
and C, and the ends A and D are fastened to smooth fixed points
whose distance apart is equal to the length of the rod. The frame
at rest is in the form of a square. A blow J is given perpendicular
to AB at its middle point and in the plane of the square. Show

2

that the energy set up Is -4-36‘]—1, where m is the mass of each rod.
B IT

Find also the blows at the joints B and C.
11. ia) Discuss Bernoulli's equation in Hydrodynamics.

(b1 Discuss the potential function corresponding to the stream function

d = Ar™ sin Itc?\u satisfying the Laplace equation. Sketch the

flow nets for « =

STER

12, ia) Derive the general form of the equation of motion of an inviseid
fluid.

ibi  Prove that the stream lines are straight if the speed is the same

everywhere.

13. {a; What is the convergence criteria for Newton-Raphson's method ?
Find an iteration formula for the reciprocal of a given number N
and hence express 5 in decimal notation without using division,

(b7 Find the root of x* — x — 10 = 0 between 1 and 2 by both
bisection znd secant methods. Which cne converges faster 7 Why 7

(¢} Using modified Euler's method, find an approximate value of ¥

when x = 0-3, given that dy =x +yand y = 1 when x = 0.

dx

14. ia) Find the interpolating polynomial for the following data :
x: —2 0 3 4 5 10
y 4 0 9 16 5 100
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(by  Apply Runge-Kutta fourth order methed, to find an approximate

v

value of v(0-2v and y(04) from 10 ds = xX* o+ y3, yl0) = 1,

dx
taking n = 01

(c: What iz the advantage of using Stirling’s central difference formula
over Gauss forward or backward central difference formulae during
interpolation ? Interpolate the value of y at x = — 1 from the

following
X 1 3 5 — 2 2
v 1 8 24 3-5 4
by any of the forward and backward interpolation formulae.
15. ia1 -+ Show thar if PPA)=P(B) = P(C) = 1, then PIA N B N C) = L
it If the joint density function of two random variables X and Y

20x ;
M}—), O<x<l, O<y<l

0 , otherwise,
.. . . - 1
find the conditional mean of X given ¥ = .

bt Skow that 72 distribution tends to normal distribution for large
dewvrees of freedom.

16. (a) Solve the following LPP by both graphical and simplex methods.
Compare the results.

Maximize z = 2x + 3Xo,

subjected to the conditions
%y + 2xo £ 10
X{+ 356 <
Xy €4
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(b} Solve the following transportation problem.

To
1 2 3 Supply
1 2 7 4 5
2 3 3 1 8
From 3 5 4 7 7
4 1 6 2 14
Demand 7 9 18 34

www.upscportal.com




UPSC|PORTAL

Downloaded from: http://www.upscportal.com

(15 ]
NeR (Transportation Problem)
A
- _1__ R 3 ANwovms
2 7 _.;-___-5_.___._
3 3 1 5
5 4 7 7
b8 2 4
7 9 18 B _34__ -

12/2

S ek ple

440

www.upscportal.com



UPSC|PORTAL

Downloaded from: http://www.upscportal.com

www.upscportal.com




